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TEST ELEMENTS IN PRO-p GROUPS WITH APPLICATIONS 

IN DISCRETE GROUPS 


ILIR SNOPCE AND SLOBODAN TANUSHEVSKI 

Abstract. Let G be a group. An element g € G is called a test element 
of G if for every endomorphism ip : G ^ G, ip{g) = g implies that ip is an 
automorphism. We prove that for a finitely generated profinite group G, g € G 
is a test element of G if and only if it is not contained in a proper retract of G. 
Using this result we prove that an endomorphism of a free pro-p group of hnite 
rank which preserves an automorphic orbit of a non-trivial element must be an 
automorphism. We give numerous explicit examples of test elements in free pro- 
p groups and Demushkin groups. By relating test elements in finitely generated 
residually finite-p Turner groups to test elements in their pro-p completions, 
we provide new examples of test elements in free discrete groups and surface 
groups. Moreover, we prove that the set of test elements of a free discrete group 
of finite rank is dense in the profinite topology. 


1. Introduction 

A test element of a group G is an element g E G with the following property: 
if (p{g) = g for an endomorphism ip : G ^ G , then ip must be an automorphism. 
Alternatively, g E G is a. test element of G if for every ip E End{G), ip{g) = a{g) 
for some a E Aut(G) implies (p E Aut(G). The notion of a test element was 
introduced by Shpilrain [25] as a way of organizing into a general framework a 
plethora of hitherto scattered results. 

Let D{xi,... ,Xn) be a free discrete group with basis {xi,...,x^}. In 1918, 
Nielsen PI proved that the commutator [xi,X2] is a test element of the free 
group D{xi,X 2 ) of rank two. This result was generalized by Zieschang [30], who 
showed that [xi, X2] [xa, X4] • • • [x2m-i, ai2m] is a test element of U(xi, X2,..., X2m)- 
Rips [20] achieved another generalization by proving that every higher commutator 
[xi,X2, ■■•,x„] is a test element of D{xi, ...,x„). In another direction, x\^x^ ■ ■ -x^ 
is a test element of Zl(xi,..., x„) if and only if fcj 7^ 0 for all 1 < i < n and 
gcd(fci,..., kn) 7^ 1. This was proved by Zieschang [31] for the special case ki = 
k 2 = ... = kn >‘2] the general result is due to Turner [28] . 

We say that a group G is a Turner group if it satisfies the Retract Theorem: an 
element g E G is a test element of G if and only if it is not contained in any proper 
retract of G. Free groups of hnite rank were the hrst examples of Turner groups 
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(see H). Other examples are torsion free stably hyperbolic groups and hnitely 
generated Fuchsian groups, as it was shown by O’Neill and Turner [TH]. Recently 
Groves [7j proved that all torsion free hyperbolic groups are in fact Turner groups. 
The fundamental group of the Klein bottle {a,b \ aba~^ = b~^) is an example of 
a group which is not a Turner group (see [28]). However, all other surface groups 
are Turner groups. 

In this paper we study test elements in the category of pro-p groups, with 
emphasis on free pro-p groups of hnite rank and Demushkin groups. Furthermore, 
by relating test elements in hnitely generated residually hnite-p Turner groups to 
test elements in their pro-p completions, we obtain new results for test elements 
in free discrete groups and surface groups. The starting point in our investigation 
is Theorem 13.51 which states that every hnitely generated prohnite group is a 
Turner group. An immediate interesting consequence is that every element of 
inhnite order in a hnitely generated just inhnite prohnite group is a test element. 
In particular, all non-trivial elements in a torsion free just inhnite pro-p group are 
test elements. This is in contrast to the case of non-procyclic free abelian pro-p 
groups, which do not have any test elements. 

We write Aut(G) for the group of (continuous) automorphisms of a prohnite 
group G. The automorphic orbit of an element p G G is dehned by 

Orb(p) = {a(p) I a G Aut(G)}. 

In Corollary 14.61 we prove that if p is an endomorphism of a free pro-p group 
F of hnite rank such that (p(Orb(M)) C Orb(M) for some 1 7^ m G F, then p is 
an automorphism. Moreover, this result holds for every hnitely generated pro- 
p group G with the property that Aut(G) acts transitively on G/^{G) where 
<I)(G) denotes the Frattini subgroup of G (Theorem 14.5p . The counterpart of 
Corollary |4.6I for free discrete groups was proved by Lee [I2] (see also m)- While 
Lee uses combinatorial techniques which are not available for free pro-p groups, 
our proof is based on the Retract Theorem and uses “Frattini arguments”. 

The theory of free pro-p groups although deprived of geometric techniques has 
one advantage vis-a-vis the discrete theory which is of crucial importance for our 
investigation, namely, every retract of a free pro-p group is a free factor (see 
Corollary 13.61) . This observation together with the basic fact that a subgroup H 
of a free pro-p group F is a free factor of F if and only if ‘h(F) r\ H = ‘F(iL) 
is already sufficient to establish numerous results on test elements in free pro-p 
groups (see also Proposition 12.2p . 

An almost primitive element of a free pro-p (or discrete) group F is a non¬ 
primitive element w & F that is primitive in every proper subgroup of F that 
contains it. Another major impetus in our study of test elements of free pro-p 
groups is the observation that every almost primitive element of a free pro-p group 
of hnite rank is a test element (Proposition 15.101) . This is not true for free discrete 
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groups; for example, Xi[x 2 , xi] is an almost primitive element of D{xi, X 2 ) but it is 
not a test element. Besides providing an important source of explicit examples of 
test elements in free pro-p groups (see for example Proposition I5.13ll . the notion 
of an almost primitive element is instrumental in the proof of the following result: 
the set of test elements in a non-abelian free pro-p group F is a dense subset of 
the Frattini subgroup of F fProposition 15.18|) . 

Sonn [2^ proved that if G is a Demushkin gronp with minimal generating set 
of size n and F is a free homomorphic image of G, then F is of rank at most 
It follows that every retract of a Demushkin group is free pro-p of rank at most 
I (see Lemma [6.4p . By combining this fact with onr results on test elements in 
free pro-p gronps, we give many examples of test elements in Demushkin gronps 
(Theorem 16.61 and Theorem 16.7p . 

The connection between test elements in pro-p gronps and test elements in 
discrete gronps is established in Proposition 17.11 which states that for a hnitely 
generated residnally £nite-p Turner gronp G, if w G G is a test element in some 
pro-p completion of G, then it is a test element of G. We apply Proposition 17.11 
to onr examples of test elements of free pro-p gronps (represented by words of 
hnite length) and thus obtain many new examples of test elements of free discrete 
gronps (see for example Proposition 17.3p . Also, in this way we obtain all test 
elements in free discrete gronps that we could find in the literature (including all 
of the examples mentioned above). Fnrthermore, we prove that the set of test 
elements in a free discrete gronp of finite rank is dense in the prohnite topology 
(Theorem 17.5p . 

Let G{n) = (xi,..., X 2 n \ [ti, X 2 ] ■ ■ ■ [x 2 n-i) X 2 r]) be an orientable surface group 
of genus n. Konieczny, Rosenberger and Wolny |9] proved that for every prime 
p and n > 2, x^x^- ■ -x^n is a test element of G{n). More generally, O’Neill and 
Tnrner [18] proved that ... x^n is a test element of G(n) for every k > 2 
and n > 2. To the best of our knowledge, these are the only known examples 
of test elements in snrface gronps. Since a pro-p completion of an orientable 
surface group is a Demushkin group, using Proposition 17.11 and onr results on test 
elements of Demushkin groups, we obtain many new examples of test elements in 
orientable snrface groups fProposition 17.81 and Proposition 17.9p . Moreover, if G is 
a non-orientable snrface gronp of genus n > 3, then G is residually £nite-p Tnrner 
group, and for p > 3, the pro-p completion of G is a free pro-p gronp of rank 
n — 1. From this observation we derive mnltitnde of examples of test elements of 
non-orientable surface groups (Proposition 17.1(1 . 

1.1. Notation. Thronghout the paper, p denotes a prime. The p-adic integers 
are denoted by Zp. Subgroup if of a prohnite group G is tacitly taken to be 
closed and by generators we mean topological generators as appropriate. If G is 
a prohnite gronp and gi,... ,gn G G, then {gi,..., gn) is the closed subgroup of 
G topologically generated by pi,... ,p„. The minimal nnmber of generators of a 
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profinite group G is denoted by d{G). Homomorphisms between profinite groups 
are always assumed to be continuous. 

We write $(G) for the Frattini subgroup of a pro-p group G. We use the notation 
G = H Y[K to express that the pro-p group G is a free product of the groups H 
and K] H <fj G means that if is a free factor of G. 

2 . Subgroup properties 

In this section we establish some preliminary results which extend to the cat¬ 
egories of prohnite and pro-p groups some well-known properties of free discrete 
groups. 

A family of sets {Xj | i G /} is filtered from below if for all ii,i 2 £ fi there is 
j E I for which Xj C fl Xi^. 

Proposition 2.1. Let G he a profinite group and Ti = {Hi \ i E 1} be a family of 
subgroups of G filtered from below. Let H = 

(a) If there exists a natural number r such that di^Hf) < r for all i E I, then 
d{H) < r. Moreover, if G is a pro-p group and ifH, C) does not contain a 
smallest element, then d{H) < r. 

(b) If G is a free pro-p group and K is a finitely generated free factor of H, 
then there exists io E I with the property that K is a free factor of Hi for 
all Hi < Hi^. 

Proof, (a) Suppose that there is a natural number r such that d{Hi) < r for all 
i E I. Assume to the contrary that d{H) > r. Then there exists an epimorphism 
ip : H ^ T onto a hnite group T that can not be generated by r elements. Let 
M <o G with if n M < ker((p). Using that "H is a family of closed subgroups 
hltered from below, we get 

HM = {f]HfiM = f]HiM. 

iei iei 

Since HM is open in G, HM = Hi^M for some io ^ I- It follows that the 
composition of the following homomorphisms 

Hi, ^ HiJ{H,, n M) = H,,M/M = HM/M = H/{H n M)^T 

where <p is dehned by (p{x{H fl M)) = ip{x) is an epimorphism. This is a contra¬ 
diction with d{Hi,) < r. We will return to the second statement in (a) after we 
establish (6). 

(6) Suppose that G is a pro-p group and that X is a hnitely generated free factor 
of if. Then *h(if) fl X = <I>(X). Since H is hltered from below, we have 

$(X) = Pi $(Xi) and <I>(X) = $(X) n X = p| $(Xi) n X. 

iG/ iei 

As X is hnitely generated, it follows that <I>(X) is open in X. Hence, there exists 
io E I such that for all Hi < Hi,, <h(Xj) flX = <I>(X). In the case when G is a free 
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TpTo-p group, it follows that is a free factor of Hi for all Hi < Hi^. Furthermore, 
if G is any pro-p group and there is r for which d{Hi) < r for all i E I, then by 
setting K = H {a.s we already proved, H is hnitely generated in this case), we 
get n hf = Hence, there is an embedding H/^{H) Hi^^/^{Hig), 

which is an isomorphism if and only ii H = Hi^. This proves the second statement 
in (a). □ 

Proposition 2 . 2 . Let {Hi}i^i and {Ki}i(zi be two families of subgroups of a free 
pro-p group F. If Hi is a free faetor of Ki for all i E I, then is a free 

faetor 

Proof. We begin the proof with three auxiliary claims. 

Claim 1. Let H and K be two subgroups of F satisfying H <fj K. Then iLflM <fj 
K (1 M ior every M < F. 

Proof of Claim 1. Let {Uj \ j E J} be the set of all open subgroups of K that 
contain K C M . Then K C M = flj-gj I”' = fljej ^^e 

Kurosh subgroup theorem, Uj fl iL is a free factor of Uj. Hence, 

^{Uj nH) = ^{Uj) nUjCH = ^{Uj) n h 

for all j E J . Furthermore, 

^{KnM)nH = {f^^{Uj))nH = p|$(i 7 ,ni/) = ^KnMnH) = ^{HnM) 
j&j j&j 

and ^{KnM)n{HnM) = ^{KnM)nH = ^{HnM). Hence, HDM <ff KnM. 

Claim 2 . Let H, K, and M be subgroups of F with H <s K <s M. Then 
H <ff M. 

Proof of Claim 2 . From $(iF) = K C <h(M) and ^{H) = H C we get 

d>(M) r\H = $(M) CKCH = $(iL) CH = ^{H). 

Claim 3 . Let Hi, H2, Ki, and K2 be subgroups of F with Hi <fj Ki and H2 <fr K2. 
Then Hi fl H2 <fr Ki C K2. 

Proof of Claim 3 . By Claim 1, HiC H2 <s KiC H2 and Ki fl H2 <fr Ki D K2. It 
follows from Claim 2 that Hi fl H 2 <fr Ki C K 2 . 

Now we are ready to prove the proposition. Set H = riie/ Hi and K = riie/A'.. 
Let X be the set of all hnite subsets of I. For each A E X, let Ha = flieu Hi 
and Ka = flieH Hi. It follows by induction from Claim 3 that Ha <ff Ka for all 
A E X. Observe that {Ha \ A eX} and {Ka \ A eX} are families of subgroups 
of F hltered from below. Moreover, PlAex-^^ ~ H and {^a^iHa = K. Hence, 
$(77) = nAGX*^(-^A) and <h(iF) = fj^GXConsequently, 

$(7L)ni/= (p| $(7L^))n( ^{Ka)AHa = []<I>{Ha) = HH), 

agx agx agx agx 

and thus H <fj K. 


□ 
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Definition 2.3. Let F be a free pro-p group and K < F. Let {LTj | i G /} be the 
set of all free factors of F that contain K. We call the subgroup A = Hie/ Hi the 
algebraic closure of K in F. Note that by Proposition 12.21 A is a free factor of F. 

The term “algebraic closure” is well established in the theory of free discrete 
groups (see USD- The concepts of algebraic closure and algebraic extension of 
subgroups of a free pro-p group will be developed further in a subsequent paper 
by the authors. 

A subgroup if of a pro-p group G is isolated in G if for every g E G and 
1 ^ a E Zp, g°‘ E H implies g E H . 

Proposition 2.4. Let F be a free pro-p group and H <ff F. Then H is isolated 
in F. 

Proof. Let F = and define r : F —)■ iL by r(h) = h for all h E H and 

r{k) = 1 for all k E K. Suppose that x'^ E H for some x E F and 1 a E Zp. 
Then x" = r{x^) = r(x)“ and by unique extraction of roots in free pro-p groups, 
X = r(x) E H . □ 


3. Test elements of profinite groups 

The following concept appears in [28], where it was used in the proof of the 
Retract Theorem for free discrete groups of finite rank. 

Definition 3.1. Let p be an endomorphism of a group G. The stable image of p 
is defined by 

OO 

4j“(G) = n 

n=l 

Lemma 3.2. Let p he an endomorphism of a profinite group G. The restriction 
of ip to ip°°{G) gives rise to an epimorphism ipoo : (p°°{G) -E ip°°{G). Moreover, if 
G is finitely generated, then ipoo is an isomorphism. 

Proof. Note that ip'^{G) ^ p”'+^(G) for all n > 1. Consequently, 

OO OO 

4j(^“(G)) = c Pi ^”+>(G) = ^“(G). 

n=l n=l 

Hence, Poo(fi') := T{.g) defines an endomorphism of p°°(G). 

Let X E (p°°{G) and set = (p"’)“^(a;) for n > 1. There is an obvious inverse 
system (X„, (pn,m) over the positive integers where for n > m, ipn,m ■ —t X^ is 
defined by ipn,m{g) = for all g E X^ ■ Since all X^ are clearly compact, 

l^Xn^lh. Let G Then p(ai) = x and ai G p°°(G) (p"'(an+i) = 

Pn+i,i(a„+i) = oi implies oi G p”'(G) )• Hence, poo is surjective. 

If G is finitely generated with d{G) = r, then d{(p"'{G)) < r for all n > 1. By 
Proposition 12.11 (a), d{(p°°{G)) < r and it follows from the Hopfian property of 
finitely generated profinite groups that poo is an isomorphism. □ 
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Remark 3.3. If G is not finitely generated, then may not be injective. Indeed, 
let F be the free pro-p group on the inhnite set X = {xj | i G N}. Define 
(p : F —)■ F by (p(xo) = 1, 97 ( 2 : 2 ") = 2:0 for n G N, and p>{xm) = Xm+i for 
m G M \ ({2"' I n G N} U {0}). Then xq G ip°°{F) but 9700 ( 2 : 0 ) = 1- 

Recall that a retract of a group G is a subgroup H < G for which there exists 
an epimorphism r : G ^ H that restricts to the identity homomorphism on H; 
such epimorphism r is called retraction. 

Lemma 3.4. Let ip be an endomorphism of a finitely generated profinite group G. 
Then ip°°{G) is a retract of G. 

Proof. By Proposition 12.11 fai. ip°^{G) is finitely generated. Let {gi,...,gr} be a 
generating set for 99°°(G), and extend {gi,...,gr} to a generating set {^fi,..., 5 :^} 
(m > r) for G. We define a homomorphism a : G —)■ 97 °° (G) as follows. Con¬ 
sider the sequence {{ip^^gi)., ....,!p^{gm))}^=i of elements in G x • • ■ x G. After 
possibly passing to a subsequence, we can assume that lini {pf{gi ),..., p>^{gm)) = 

fc^OO 

(hi,..., hm) exists. Given n > 1 and 1 < i < m, (p^{gi) G ‘p^iG) C ip'^iG) for all 
k > n. Hence, hi = lim p’^{gi) G 97 ”'(G), and since n is arbitrary, hi G p>°°{G). 

fc^OO 

Let m(xi, ..., Xm) be any word in m variables (i.e. ^(xi,..., Xm) is an element in the 
free prohnite group on {xi,..., x^})- Then 

u{hi ,..., hm) = u{ lim (p^{gi ),..., lim p>^{gm)) = 

/c—>-oo k^oo 

lim u{(p^{gi),...,ip’‘{gm)) = lim ip^{u{gi,--- ,gm)). 

K —>-00 K —>-00 

Therefore, u{gi, ...,gm) = 1 implies u{hi ,..., hm) = 1- This shows that the assign¬ 
ment a{gi) = hj, 1 < z < m, dehnes a continuous homomorphism a : G —)■ 97 °°(G). 

By Lemma 13.21 the restriction of 97 to 97 °° (G) yields an automorphism ip^o '. 
(p°°{G) 97 °° (G). Since (p°°{G) is hnitely generated. Ant ( 97 °° (G)) is a prohnite 

group. It follows that after possibly passing to a subsequence, we can assume 
that lim 93 ^ = ft exists. By dehnition of the congruence subgroup topology on 

fc^OO 

Ant ( 97 °° (G)), for every N <(p°°{G), there exists n > 1 such that ft~^{(p'f,{g))g~^ G 
ft~^{N) (or equivalently (p'f^{g)ft{g)~^ G N) for all fc > n and g G 97 °° (G). In par¬ 
ticular, (p’^{9i)/3{gi)~^ G A^for all 1 < z < r; thus a{gi)ft{gi)~^ = lim (p^{gi)ft{gi) G 

k^oo 

N for 1 < z < r. Since gi,... ,gr generate 97 °°(G) and N < 93 °°(G) is an arbitrary 
normal subgroup, it follows that ft = Therefore, a|(^oo(G) is an automor¬ 
phism and o a : G —>■ 93 °° (G) is a retraction. □ 

Theorem 3.5. The test elements of a finitely generated profinite group G are 
exactly the elements not contained in any proper retract of G. 

Proof. Let g E G. If g belongs to a proper retract H of G, then the composition 
of a retraction r : G ^ H and the inclusion homomorphism if G is an 
endomorphism of G which hxes g but is not an automorphism. 
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Now assume that g E G is not a test element of G. Then there exists a homo¬ 
morphism (f : G ^ G that is not an automorphism and such that (p{g) = g. Since 
G is hnitely generated, ip is not surjective and thus ip°°{G) is a proper subgroup 
of G. By Lemma [TH (p°°{G) is a retract of G. Clearly, g E (p°°{G). □ 

Corollary 3.6. The only retracts of a free pro-p group are the free factors. The 
test elements of a free pro-p group F of finite rank are the elements not contained 
in any proper free factor of F. 

Proof. Let F be a free pro-p group and r : F —)■ if be a retraction. Then *h(ii) F 
H n ‘h(F), and using that r is a retraction, we get 

H n $(F) = r{H n $(F)) C r{H) n r($(F)) = ii n $(ii) = $(ii). 

Hence, FI fl *h(F) = *h(ii) and ii is a free factor of F. The last statement of the 
Corollary follows from Theorem 13.51 □ 

We can paraphrase the second statement in Corollary 13.61 as follows. An element 
tc in a free pro-p group F of hnite rank is a test element of F if and only if F is 
algebraic over (w), i.e, F is the algebraic closure of (w) in F. 

Recall that a prohnite group G is termed just infinite if G is inhnite and every 
proper quotient of G is hnite. The groups SLrf(Zp) and SLd(Fp[[i]]), where Fp[[t]] 
is the pro-p ring of formal power series over a hnite held with p elements, are 
examples of just inhnite prohnite groups. Note that these groups are virtually 
pro-p. Indeed, many of the well-known just inhnite pro-p groups are groups of 
Lie type dehned over Zp (i.e., p-adic analytic groups) or over Fp[[i]]. In partic¬ 
ular, SL^(Zp) = ker(SLd(Zp) —)■ SLrf(Zp/pZp)), the hrst congruence subgroup of 
SLd(Zp), is a just inhnite pro-p group. For a thorough discussion of p-adic ana¬ 
lytic just inhnite pro-p groups see [8]. An example of a just inhnite pro-p group 
linear over ¥p[[t]] is SL^(Fp[[i]]) = ker(SLd(Fp[[i]]) -)■ SLrf(Fp[[i]]/iFp[[i]])), the 
hrst congruence subgroup of SLrf(Fp[[i]]). The Nottingham group A/'(Fp), which 
can be described as the group of automorphisms of Fp[[f]] that act trivially on 
tFp[[t]]/t^Fp[[f]], is an example of a just inhnite pro-p group that is not linear over 
any prohnite ring. The most remarkable property of ^(Fp) is the fact that it is 
universal, namely, it contains a copy of every countably based pro-p group. A 
careful treatment of just inhnite prohnite groups is given in [29] . 

Corollary 3.7. In a finitely generated just infinite profinite group every element 
of infinite order is a test element. In particular, in a torsion free finitely generated 
just infinite profinite group every non-trivial element is a test element. 

Proof. Let G be a hnitely generated just inhnite prohnite group, and let tc G G 
be an element of inhnite order. Suppose that w is not a test element of G. By 
Theorem 13.5[ there is a proper retract H of G containing w. Thus H is an inhnite 
proper quotient of G, which is a contradiction. Hence, tc is a test element of 
G. □ 





TEST ELEMENTS IN PRO-p GROUPS WITH APPLICATIONS IN DISCRETE GROUPS 9 

Note that if G is a just infinite pro-p group, then it is hnitely generated since 
G/<h(G) is hnite. Thus the above result holds for all just inhnite pro-p groups. 

A prohnite group G is hereditarily just inhnite if every open subgroup of G is 
just inhnite. All the just inhnite pro-p (prohnite) groups mentioned above are 
indeed examples of hereditarily just inhnite pro-p (prohnite) groups. 

Corollary 3.8. Let G be a finitely generated hereditarily just infinite profinite 
group, and let w ^ G be an element of infinite order. Then w is a test element of 
every open subgroup of G that contains it. 

Contrary to the case of just inhnite torsion free pro-p groups where every non¬ 
trivial element is a test element, free abelian pro-p groups of hnite rank greater 
than one do not have test elements. To see this, let G = Z” be the free abelian 
pro-p group of rank n > 2 and suppose that x G *h(G) = G^. Then there is a 
positive integer k such that x & G^ \G^ . By unique extraction of roots, there 

exists y E G such that y^ = x. Clearly, y E G\G^ and so (p) is a proper retract 
of G. Hence, by Theorem 13.51 x is not a test element of G. 

4. Endomorphisms that preserve an automorphic orbit 

Lemma 4.1. Let G be a profinite group, and let H < K < G. 

(a) If K is a retract of G and H is a retract of K, then H is a retract of G. 

(b) If H is a retract of G, then it is also a retract of K. 

(c) If G is finitely generated, then H is contained in a retract of G that is 
minimal among retracts of G that contain H. Moreover, all such minimal 
retracts over H are isomorphic. 

Proof. Parts (a) and (6) are trivial. Suppose that G is hnitely generated, and let 
be a chain of retracts of G all of which contain H. Set R = Ri. We 
will show that there is a descending sequence 

Rio > Rii> Ri2> ■ ■ ■ 

with R = n^o-^4- i E I, let Si be the set of all open subgroups of G 

that contain R^. Then S = is the set of open subgroups of G that contain 

R. As G is hnitely generated, it has countably many open subgroups. Therefore, 
S = {Ui, U 2 , ...} is a counable set. Let Ri^ be any subgroup in {Ri}i^i contained 
in Gi, and let m be the smallest natural number such that Um ^ Si^,. (If no such 
m exists, then set = Ri^ for all k > 1). Choose to be any subgroup in 
{Ri}i^i contained in Um- Since {Ri}i£i is a chain, Ri^ > Ri^. It is now clear that 
if we continue this procedure, we will obtain the desired descending sequence. 

For each k eN, let ri,. : G ^ Ri,^ be a retraction. Clearly, d{Rifi) < d{G) for all 
k eN. By Proposition 12.11 (a), R is hnitely generated. Let {pi,..., p/} C i? be a 
generating set for R and {pi,..., p^} C G (Z < n) be a generating set for G. As in 
the proof of Lemma 13.41 after possibly passing to a subsequence, we can assume 
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that lim {ri^{gi), ...,rii^{gn)) = for some {hi,...,hn} C R. Again as 

/c—>-oo _ 

in the proof of Lemma 13.41 we have a well-dehned homomorphism r : G ^ R 
satisfying r{gj) = hj for all 1 < j < n. Since for all fc G N, restricts to the 
identity on R, we have hj = gj for 1 < j < 1. Hence, r is a retraction. Now the 
hrst statement in (c) follows from Zorn’s lemma. 

Snppose that Ti and T 2 are two retracts of G that contain H and are both 
minimal among retracts of G that contain H. Let ri : G —)■ Ti and r 2 : G —?• T 2 
be retractions. Since r 2 (Ti) C T 2 , we can restrict r 2 to obtain a homomorphism 
r '2 : Ti —>■ T 2 . Similarly, by restricting ri, we get a homomorphism : T 2 —)■ Ti. 
Consider the homomorphism a = o : Ti —)• Ti. As Lf C Ti fl T 2 , for every 
h G Lf, we have 


a{h) = r'^ir^ih)) = ri(r2(/i)) = ri{h) = h. 

So, H C Fix{a) C a°°(Ti). Since G is hnitely generated, so is Ti, and it follows 
from Lemma [3.41 that a°°{Ti) is a retract of Ti. Moreover, by part (6), a°°{Ti) is 
a retract of G. The minimality condition on Ti yields Ti = a°°{Ti). Therefore, 
a(ri) = Ti, and by the Hophan property of hnitely generated prohnite gronps, 
a is an isomorphism. Analogously, o r[ : T 2 —)■ T 2 is an isomorphism. Hence, 
r[ : Ti —)• T 2 and : T 2 —?• Ti are isomorphisms. □ 

Remark 4.2. It follows from Corollary 13.61 and Proposition 12.21 that for every sub¬ 
group iL of a free pro-p group F, there is a unique minimal retract of F over 
H, namely, the algebraic closure of H in F. One might wonder whether for 
every “nice” subgroup H (maybe every hnitely generated subgroup if not all sub¬ 
groups) of a “nice”” pro-p group G there is always a unique minimal retract of 
G over H. That can hardly be the case since, as we shell see, it already fails 
for Demushkin groups (see Section [6] for the dehnition of a Demushkin group). 
Let G be a pro-p completion of an orientable surface group of even genus, i.e., 
G = {xi,X 2 , ■ ■ ■ ,X 2 n I [a^i, X 2 ][X 3 , X 4 ]... [x 2 n-i, X 2 n]) for some even positive integer 
n. Set Hi = {Xi, . ..,Xn),H 2 = {x^+l, ■ ■ .,X 2 n), and A = {[Xi,X 2 \ . . . [Xn-l,Xn]) = 
{[xn+i,Xn+ 2 ] ■ ■ ■ [x 2 n-i, X 2 n\) ■ Dehue Ti : G ^ Hi hy ri{xi) = XiioT 1 <i <n and 
ri(a;„+j+i) = Xn-i for 0 < i < n — 1. Clearly, ri is a well-dehned retraction onto 
Hi. Similarly, we have a retraction r 2 : G —)■ iL 2 dehned by r 2 {xi+i) = X 2 n-i for 
0 < i < n — 1 and r 2 {xi) = Xi ioi n + 1 < i < 2n. Note that G = Hi H 2 is a 
proper amalgam and HiP\H 2 = A. Clearly, Hi is a free pro-p group on {xi,..., Xn} 
(see Section[6]). It follows from Proposition IS.ldl fdi that [xi^X 2 ] ■ ■ ■ [xn-iixj\ G Hi 
is a test element of Hi, and thus by Theorem 13.51 A is not contained in a proper 
retract of Hi. Therefore, Hi is a minimal retract of G over A. A similar argument 
shows that H 2 is also a minimal retract of G over A. Note that this example 
also shows that the intersection of two retracts of G is not necessarily a retract 
of G. In fact, it is easy to see that for a hnitely generated prohnite group G the 
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intersection of retracts is always a retract if and only if every subgroup H < G is 
contained in a unique minimal retract of G over H. 

An element of a pro-p group G is called a primitive element of G if it is a 
member of a minimal generating set for G. In other words, the primitive elements 
of G are exactly the elements in G \ *h(G). 

Lemma 4.3. Let G be a finitely generated pro-p group and (p : G ^ G be a 
homomorphism. If p maps primitive elements to primitive elements, then it is an 
isomorphism. 

Proof. Suppose that p maps primitive elements to primitive elements. So, x ^ 
<h(G) implies (p{x) ^ $(G). Therefore, the induced homomorphism : G/^{G) 
G/<h(G), (p(a:<h(G)) = (p(x)<h(G), is injective. Since G/4>(G) is a hnite dimensional 
Fp-vector space, it follows that is an isomorphism. Hence, p is an isomorphism. 

□ 

Definition 4.4. Let G be a prohnite group. The automorphic orbit of an element 
g E G is dehned by 

Orb(( 7 ) = {a{g) \ a G Aut(G)}. 

Theorem 4.5. Let G be a finitely generated pro-p group, and suppose that Aut{G) 
acts transitively on G/4>(G). Let 1 u E G. If ip is an endomorphism of G such 
that ip{Orb{u)) C Orb{u), then ip is an automorphism. 

Proof. Suppose that (p is an endomorphism of G satisfying (p(Orb(M)) C Orb(M). 
By Lemma im fc). there exists a retract H of G minimal among retracts of G that 
contain (u). It follows from Lemma 14.11 (a) that u is not contained in any proper 
retract of H. Being a retract of a hnitely generated group, H is hnitely generated. 
Hence, by Theorem 13.51 m is a test element of H. 

Let r : G —iL be a retraction. Since (p(Orb(M)) C Orb(M), there exists 
a E Aut(G) such that (^(m) = a{u). Consider the homomorphism fl : H ^ H 
dehned by /3 := r o o (p)^jj. We have 

fi{u) = r{a~^{ip{u))) = r{a~^ {a{u))) = r{u) = u. 

Since m is a test element of H, fi is an isomorphism. Let x E H he a. primitive 
element of H. Since if is a retract of G, *h(if) = if fl *h(G) (see the proof 
of Corollary 13.6p . Hence, x ^ *h(G) and thus a; is a primitive element of G. 
Furthermore, I3{x) is a primitive element of if and o (p){x) is a primitive 
element of G. Indeed, oip){x) E ‘h(G) implies fi{x) = r((Q!“^ o(y9)(a;)) G 4)(ii), 
a contradiction with the primitivity of fi{x). As a is an automorphism of G, it 
follows that (p{x) = o </ 9 )(x)) is a primitive element of G. 

Now let 1 / G G be an arbitrary primitive element of G. Since Aut(G) acts 
transitively on G/^{G), there is 7 G Aut(G) such that 'y{x)y~^ E <h(G). Ob¬ 
serve that 7 (ff) is a retract of G and it is minimal among retracts of G that 
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contain {'y{u)). Moreover, 'y{x) is a primitive element of 'y{H) . Hence, we 
can repeat the argument from the previous paragraph with u replaced by 7 (m) 
(Orb( 7 (M)) = Orb(M)) and conclude that is a primitive element of G. 

From ip{'j{x))ip{y)~^ = ip{'j{x)y~^) G *h(G), we get that (p{y) is a primitive element 
of G. Hence, (p maps primitive elements to primitive elements. By Lemma 14.31 p 
is an isomorphism. □ 

Corollary 4.6. Let F be a relatively free pro-p group of finite rank, and let 1 7 ^ 
u & F. If p is an endomorphism of F such that p{Orh{u)) C Orbfu), then p is an 
automorphism. In particular, this statement is true for free pro-p groups of finite 
rank. 

Proof. Since Aut(F) acts transitively on F/$(F), Theorem 14.51 applies. □ 

We give an example of an endomorphism p oi a. finitely generated pro-p group 
G that is not an automorphism and for which there exists an element 1 7 ^ m G G 
such that (p(Orb(M)) C Orb(M). Let G = iLjJGp where H = {x) is an infinite 
procyclic pro-p group and Gp = {u) is a cyclic group of order p. Dehne p : G ^ G 
by p{x) = x^ and p{u) = u. Let a G Aut(G). Since all elements of finite order 
in G belong to conjugates of Gp (see [22]), «(m) = wu^w~^ for some w E G and 
1 < k < p — 1. Define fik ■ G ^ G hj /3k{x) = x and /3k{u) = u^. Clearly, fij. is an 
automorphism of G and p{a{u)) = p{w)u^p{w)~^ = {p^(w) ° fik)iu) where p^[w) 
denotes conjugation by p{w). 

5. Test elements of free pro-p groups 

5.1. T-test arrangements. 

Proposition 5.1. Let F be a free pro-p group. If u E F is a test element of F, 
then so is u°‘ for every 0 7 ^ a G Zp. 

Proof. Suppose that n is a test element of F, and let 0 7 ^ a G Zp. If p : F —)■ F 
is a homomorphism such that p{u'^) = u°‘, then by unique extraction of roots 
p{u) = u. Hence, p is an automorphism and u" is a test element of F. □ 

We write F(ai,..., a„) for the free pro-p group on the hnite set {oi,..., a„}; if 
there is no possibility of misunderstanding, we will also write F for F{ai,..., On). 
Let G be a pro-p group, pi,..., G G, and w = w{xi ,..., Xn) be an element in 
the free pro-p group F(xi,..., Xn). Then w{gi,..., p„) G G denotes the image of 
w under the homomorphism p : F ^ G defined by p(xi) = Pi for all 1 < i < n. 

Proposition 5.2. Let F' = Ai U^U-U An be a free pro-p group of finite 
rank. For each i = 1,... ,n, let Ui E Ai be a test element of A^. If w{xi ,..., Xn) 
is a test element of the free pro-p group F{xi ,..., Xn), then w{ui,..., Un) is a test 
element of F'. 
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Proof. Let w{xi ,..., Xn) be a test element of the free pro-p group F{xi ,..., Xn). 
Clearly, K = (ui,..., is a free pro-p group with basis {ui,..., «„} and t = 
w{ui,... ,Un) G iL is a test element of K. Let C be the algebraic closure of {t) 
in F'. By Proposition 12.21 iP fl C* is a free factor of K. Since f G iP fl C is a 
test element of K, we have K H C = K. Consequently, Ui E C for all 1 < i < n. 
Moreover, for each 1 < i < u, A* fl C <ff Aj, and since Uj G A* fl C is a test 
element of Ai, it follows that Ai < C. Hence, C = F' and by Corollary 13.61 t is a 
test element of F'. □ 

Remark 5.3. Note that in the proof of Proposition 15.21 we only used the fact that 
F' is generated by the subgroups Hi,..., and that Ui,... ,Un form a basis of 
the subgroup they generate. 

For each n > 1, let 7^ be a set (possibly empty) of test elements of the free 
pro-p group F{xi,... ,Xn)] set T = Un>i We dehne the notion of a T- test 
arrangement recursively: 

i) every element in is a T- test arrangement of weight n; 

ii) given w E Tn and T-test arrangements Ui of respective weights ki,l < i < n, 
then w{ui,..., Un) is a T-test arrangement of weight ki + ... + kn] 

iii) every T-test arrangement is obtained from i) and ii) in a hnite number of 
steps. 

In order to avoid any confusion, we emphasize that a T-test arrangement is 
nothing but a special type of word in the following symbols: elements in T, comma, 
and the parenthesis ‘(’ and ‘)’. 

Let G be a pro-p group, and let tc be a T-test arrangement of weight n. Given 
elements pi,..., in G, we dehne w{gi,..., gn), recursively as follows: 

i) if w G Tn, then w{gi ,..., p„) was already dehned; 

ii) if w = v{ui ,..., Um) for some v E Tm and T-test arrangements u, of respective 
weights ki,l < i < m, with ki + ... + k^ = n, then 

■ ■ ■ 1 9ri) u('Ui(pi, . . . , gki)i ■ ■ ■ 1 Um{gki + .. ■ + 1 + 1? * * * 5 

Proposition 5.4. Let T(ai,..., a„) be a free pro-p group, and let w be a T-test 
arrangement of weight n. Then w{ai ,..., a„) is a test element of F. 

Proof. If tc G Tn, then w{ai ,..., a„) is clearly a test element of F. Assume that 
w = v{ui,... ,Um) for some v E Tm and T-test arrangements u, of respective 
weights ki,l < i < m. For i = l,...,m, let Ai = {ak^+_+ki_i+i, ■ ■ ■ ,aki+...+ki)- 
Clearly, T = Hi ]J ... ]J H^. By induction, Ui{ak^+,„+ki_^+i, • • •, 0 ^ 1 +...+^,) is a test 
element of Hj for all 1 < i < m. It follows from Proposition 15.21 that w{ai,..., a„) 
is a test element of F. □ 

For each n > 1, let T„ be the set of all test elements of F{xi ,..., Xn), and set 
T = We employ Proposition 15.41 to turn T into a (graded) universal 

algebra with signature T. The n-ary operation —)■ T corresponding to 
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w E Tn is defined as follows: let m* G T^. for 1 < i < n, and set m = ki + 

... + kn] then ... ,m„) is the test element w{ui,... ,Un){xi,... ,Xm) G 

of F{xi,..., Xm)- However, in order to turn this observation into a practical tool 
for discovering test elements of free pro-p groups, it is helpful to consider T as a 
universal algebra with a smaller signature T C T consisting of test elements that 
are already known. Then new test elements are obtained from the subalgebra 
generated by T: 

T' = (T)r = ..., Xn) | n > 1, w is a T-test arrangement of weight n}. 

Any hope that one may use this method recursively is shattered by the simple 
observation that (T')r' = T'. 

The above discussion prompts the following definition. 

Definition 5.5. Let w E F{xi,... ,Xn) be a test element of F. The rank of w is 
defined by 

rank{w) = min{m G N | w G {T)r where T = Ti U ... U T^} 

Observe that every nontrivial element in the free pro-p group of rank one (i.e. 
'Lp) is a test element. (These are the only test elements of rank one.) However, 
all test elements of a free pro-p group of rank greater than one are contained in 
the Frattini subgroup. Let F be a free pro-p group of rank two. It follows from 
Corollary 13.61 that w G F is a test element of F if and only if it is not a power (with 
exponent in Zp) of a primitive element. An immediate consequence is that every 
nontrivial element in the commutator subgroup of F is a test element. Indeed, 
the image under the quotient homomorphism onto the abelianization F/[F, F] of 
a nonzero power of a primitive element is nontrivial. 

Next we give an alternative description of test elements of the free pro-p group 
of rank two; to that end we introduce some notation. Let F(a:i,..., Xn) be a free 
pro-p group. For each i = 1,..., n, we define a homomorphism '■ F ^ Zp by 
a^iixj) = Sij {Sij is the Kronecker delta). If we think of an element tc G F as a 
word (finite or infinite), then da,, (tc) can be described as the sum of the exponents 
of all occurrences of Xi in w. 

Proposition 5.6. Let F{xi,X 2 ) be a free pro-p group of rank two, and let 1 ^ 
w E F. Suppose that w is not a p-th power of another element in F. Then w is a 
test element of F if and only if axi{w),ax 2 {w) E pTjp. 

Proof. Assume that a = axi{w) ^ pZp. Then a is a unit in Zp. Define ip : F ^ F 
by (p{xi) = and (p{x 2 ) = 1. Clearly, p(F) = (w) ^ F and (p{w) = (w“ )" = 
w. Hence, w is not a test element of F. 

Now suppose that w is not a test element of F. It follows from Corollary 13.61 
that w is contained in a free factor of F, necessarily of rank one. Therefore, w = 
for some primitive element y E F and some /3 G Zp. Since w is not a p-th power, 
we have (3 E Tjp \ pZp. Moreover, y ^ *h(F) implies that either ax^iy) ^ pZp 
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or ax^iy) ^ pZp. Consequently, either a^^iw) = = I^CTx^iy) ^ p'Lp or 

ax^iw) = iSax^iy) ^ p'Lp. □ 

To illustrate the importance of Proposition 15.61 we will prove that t = 

U 15 U 2 £ P'^p \ {0}, is a test element of F{xi,X 2 ) (see also Proposition 15.131 {d)). 
For z = 1, 2, Q!j = p^^(3i for some rzj G N and f3i ^ Zp\ pZp. Note that 
is a basis of F. Therefore, in order to show that t is not a p-th power in F, it 
suffices to observe that t is not a p-th power in the free discrete group generated by 
{xi^,X 2 ^} (see [3l Proposition 2]). Since Uj;.(f) = ai E pZp for z = 1,2, it follows 
from Proposition 15.61 that f is a test element of F. 

Now set T 2 = {xi^X 2 ^ I ai,a 2 E pZp \ {0}} and 7^ = 0 for n 7 ^ 2. Then 
{T)r contains many new test elements of free pro-p groups. For example, for all 
A, 7 * ^ P'^p \ { 0 }, 1 < ^ < 2 , {x‘^^X 2 ^)^^x§^ and are test element 

of F(xi,X 2 ,X 3 ), and {x^^x^^^^ {x§^x^'^y^ is a test element of F(xi, X 2 , X 3 , X 4 ). 

For ease of reference, in the following two propositions we collect some imme¬ 
diate consequences of the results of this subsection. 

Proposition 5.7. Let w be a test element of the free pro-p group F{xi,... ,x„). 
For all oi,..., G Zp \ {0}, zn(x“\ ..., x“") is also a test element of F. 

Proof. Set Tl = {x"b...,x""}, Tn = {w}, and 7^ = 0 for fc ^ {I,!!-}- Then 
za(x“b • • • 5 2 ;“") is a T-test arrangement, and by Proposition [TH za(x“b • • • 5 2 ;"") = 

za(x“b • • • 5 2 ;"")(xi, ... ,x„) is a test element of F. □ 

Proposition 5.8. Let t = [xi, ...,x„] be any higher commutator in F{xi,... ,x„) 
(that is, t is a commutator of weight n involving all n letters Xi, ...,x„ with arbi¬ 
trary disposition of commutator brackets). Then t is a test element of F. 

Proof. Set Tl = {xi}, T 2 = {[xi,X 2 ]} and 7^ = 0 for A; ^ {1)2}. It is easy to 
see that there is a T-test arrangement w of weight n satisfying w{xi,..., Xn) = t. 
Hence, f is a test element of F by Proposition 15.41 □ 

Of course, in the proof of the previous proposition we could have put T = 
[T(xi, X 2 ), T(xi, X 2 )] and thus obtain a much larger class of test elements. Anyhow, 
if the reader hnds our description of test elements of T(xi, X 2 ) satisfying, then they 
would agree that through the notion of a T-test arrangement we have described 
all test elements of rank two in free pro-p groups. In order to give examples of test 
elements of higher rank we introduce the concept of an almost primitive element. 

5.2. Almost primitive elements. 

Definition 5.9. Let G be a pro-p group. A non-primitive element p G G is termed 
almost primitive element of G if it is a primitive element of every proper subgroup 
of G that contains it. 
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If S' G G is an almost primitive element of G, then g G *h(G) and g ^ ‘h(iJ) 
whenever H < G. Since every proper subgroup of G is contained in a maximal 
subgroup, it follows that s G G is an almost primitive elements of G if and only if 

ge'I>(G)\U<l.(M) 

M 

where M runs through all maximal subgroups of G. Observe that if G is hnitely 
generated, then the almost primitive elements of G form a clopen set. 

Proposition 5.10. Let G he a finitely generated pro-p group and H < G. 

(a) If contains an almost primitive element of G, then H = G. 

(b) Every almost primitive element of G is a test element of G. 

Proof. Part (a) is clear. Let s ^ G be an almost primitive element of G. Let 
9 ? : G —)■ G be a homomorphism that hxes g. Then (p(<h(G)) = <h((p(G)). Hence, 
g G <h(<p(G)) and <p(G) = G by part (a). It follows from the Hophan property 
of hnitely generated pro-p groups that is an isomorphism, and thus p is a test 
element of G. □ 

Proposition 5.11. Let a be an almost primitive element of the free pro-p group 
F{xi,... ,Xn). Then rank{a) = n. 

Proof. If n = 1, then there is nothing to prove. Suppose that n > 1, and assume 
to the contrary that a G (T)r where T = Ti U ... U for some m < n. 
Then there is a T-test arrangement w of weight n such that w{xi,... ,Xn) = a. 
Now w = v{ui,... ,Us) for some v G Ts,s < m < n, and T-test arrangements 
Ui of respective weights ki,l < i < s. If s = 1, then v = xf G Ti,q; ^ 0, 
and w{xi ,..., Xn) = ufixi ,..., Since ufixi,..., Xn) is a test element of 

F{xi,... ,Xn) and n > 1, we have ufixi,... ,Xn) G *h(T). If a G pZp, then 
a = w{xi ,..., Xn) G <h^(T), which contradicts the fact that a is an almost primitive 
element of F. Hence, a E 'Z>p\ pZp and ufixi,..., Xn) = a" . Clearly, a" is an 
almost primitive element of F and rank{a°' ) = rank{a) = m. This shows that 
we can assume that s > 1 . 

Since ki-\-.. .-\-ks = n, it follows that kj > 1 for some I < j < s. Let M < T be 
a maximal subgroup of F satisfying Xi E M for all i ^ {ki kj-i -1 -1,..., /ci -|- 

... -|- kj}. Observe that Uj{xkj^+,,, ■ ■. ,Xki+...+kj) G <h(T) < M. Therefore, 

a = w{xi, ...,Xn)= v{ui{xi, ...,Xkfi,..., Um{Xki+...+km-i+l, ■■■, ^n)) G <h(M), 

which is a contradiction since a is an almost primitive element of F. □ 

Proposition 5.12. Let F = Ai U-U An be a free pro-p group, and let Ui G 
Ai, 1 <i <n. Then w = Ui... Un is an almost primitive element of F if and only 
if Ui is an almost primitive element of Ai for all 1 < i < n. 
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Proof. The homomorphism a : Ai/^{Ai) x ... x An/^{An) —)■ F/^{F) defined 
by a{xi^{Ai),... = xi... a;„<h(F) is an isomorphism. It follows that 

w G *h(F) if and only if m* G <h(A) for all 1 < i < n. 

Suppose that Ui is an almost primitive element of Ai for all 1 < f < n. Let M 
be a maximal subgroup of F. By the Kurosh subgroup theorem, 

M = AiHM ]j,,,n^„nMnc 

for some C < M. Moreover, there is j, 1 < j < n, for which \M ■. Aj n M\ = p. 
(Otherwise Ai < M for all i, and F < M, contradicting the fact that M is a proper 
subgroup of F.) By assumption Uj G Aj (1 M is an almost primitive element of 
Aj, and thus Uj ^ ^{Aj flM). It follows from the isomorphism (defined as above) 

(Ai n M)/$(Ali n M) X ... X (yl„ n M)/^{An n M) x C'/$(C') = M/$(M), 

that w ^ <h(M). Therefore, w is an almost primitive element of F. 

Now assume that w is an almost primitive element of F. Given j, 1 < j < n, 
and a maximal subgroup N of Aj, we need to prove that uj ^ <h(iV). Let M 
be a maximal subgroup of F satisfying Aj (1 M = N and A^ < M for all i ^ j. 
Then Ui G *h(74j) < <h(M) for all i ^ j, and <h(M) fl iV = <h(iV). Therefore, 
w = Ui .. .Un ^ <h(M) implies Uj ^ <h(iV). □ 

Proposition 5.13. a) For every a G xf is an almost primitive element 

of the procyclic group F{xi). 

b) The commutator [a;i,a; 2 ] is an almost primitive element of F{xi,X 2 ). 

c) Given n,k >0 and o;* G pZp \p^Zp, 1 < i < n, then 

X^ . . . X^ [Xfi-i-i, Ty),-|-2] . . . \Xn+2k—lj Ty),-|-2fc] 

is an almost primitive element of F{xi ,..., Xn, Xn+i, • • •, Xn+ 2 k)- 

d) Given n, /c > 0, Oj G pZp \ {0}, 1 < i < n, and (di E hpX {0}, 1 < f < 2k, then 

r™/3i ™/32 1 r fefc-i fefc 1 

^1 . . . L-^n+l! •^n+2j • • • Bn+2fc-l5 •^n+2k\ 

is a test element of F{xi,... ,Xn,Xn+i, ■ ■ ■ ,Xn+ 2 k)- 
Proof. Part (a) is obvious. 

(6) Clearly, [xi,X 2 \ G ^{F{xi,X 2 )). Let M be a maximal subgroup of F, and 
assume to the contrary that [xi,X 2 \ G <h(M). Since <I>(M) is a characteristic 
subgroup of M and M<F, it follows that <I>(M)<F; hence, [xi,X 2 ] G <h(M) implies 
[F,F] < <h(M). Moreover, M/[F,F] is a maximal subgroup of the abelianization 
-Pab = F/[F, F] = Zp X Zp , and 

d{M/[F, F]) = dimF^(M/[F, F])/$(M/[F, F]) = dimF,M/$(M) = p + 1 > 3, 

which is a contradiction since every subgroup of Zp x Zp can be generated by two 
elements. 

(c) Let Ai = {xi) for 1 < i < n, and Bi = {xn+ 2 i-i,Xn+ 2 i) ior 1 < i < k. Then 

F{xi, ...,Xn, Xn+l, ..., Xn+2k) = ^1 U • • • U U U • • • U It folloWS from 
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(а) that for all 1 < i < n, G Ai is an almost primitive element of Ai. By part 

(б) , [xn+ 2 i-iiXn+ 2 i\ ^ is an almost primitive element of for all 1 < z < fc. 
Now (c) follows from Proposition 15.121 

{d) This is an immediate consequence of (c) and Proposition 15.71 □ 

Remark 5.14. With a slight extension of the proof of Proposition 15.131 (6) we can 
show that x^[xi,X‘^ is an almost primitive element of F{xi,X 2 ) for all a G pZp. It is 
also true, but more difficult to prove, that every element of the form [xi,X‘^ 

with ai,Q !2 £ P^p is an almost primitive element of F{xi,X 2 ) (the only diffi¬ 
cult case is when ai = a 2 = P )■ These results will appear in a subsequent 
paper by the authors ([2E]) where we also introduce the notion of a generic ele¬ 
ment, which is a generalization of an almost primitive element. Here we would 
like to point out that using these results we get many other almost primitive ele¬ 
ments. For example, it follows from Proposition 15.121 and Proposition 15. 151 (b) that 
Xi^ ... X 2 ] ■ ■ ■ [x 2 n-i, a; 2 n] is an almost primitive element of F{xi, ..., X 2 n)- 

In the following proposition we describe two simple ways in which new almost 
primitive elements can be obtained. 

Proposition 5.15. Let G be a pro-p group, and let g & G be an almost primitive 
element of G. Then 

(a) For every h G f)^<F(M) where the intersection is over all maximal subgroups 
of G, gh is an almost primitive element of G. 

(b) If g = hi... hn for some hi G *h(G), I < i < n, then for every permutation a 
of {1 ,... ,n}, g^ = ho-(i)... ha-(n) is an almost primitive element of G. 

Proof, (a) Clearly, gh G *h(G). Let M be a maximal subgroup of G. Then 
gh = g mod ‘F(M), and thus gh ^ <I>(M). 

(b) Let g = hi.. .hn where hi G *F(G') for 1 < z < n. Then g^ G *h(G). Let M < G 
be a maximal subgroup. Then hi ^ M for all 1 < z < zz, and g„ = g mod <h(M). 
Hence, g^ ^ <F(M) and g^ is an almost primitive element of G. □ 

Lemma 5.16. Let F be a free pro-p group of finite rank, and let H be a subgroup 
of F (not necessarily finitely generated) with algebraic closure F. If w ^ H is 
an almost primitive (resp. test) element of H, then it is a test element of F. In 
particular, every test element of a subgroup of finite index in F is a test element 
ofF. 

Proof. It is easy to see that if zn G is an almost primitive (resp. test) element 
of H, then the algebraic closure of (w) in H is exactly H. Now let A be the 
algebraic closure of (w) in F. By Proposition 12.21 H fl if is a free factor of H. 
Since w E An H, it follows that H < A. But the algebraic closure of if in F is 
exactly F, hence F = A. By Corollary 13.61 zn is a test element of F. Now the 
last statement in the proposition follows from the obvious fact that the algebraic 
closure of a hnite index subgroup of F is exactly F. □ 
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Lemma 5.17. Let G he a pro-p group and w G $(G'). Then the following holds: 

(a) there exists H < G for which w & H and w is an almost primitive element of 

H; 

(b) if G is a free pro-p group with basis {oi,... ,a„}, then there exists a subset 

, Oi^} C {ai, ..., On} such that for every test element u ofF{xi,..., Xm) 
contained in ^{F), w ■ ... ,ai^) is a test element of G. 

Proof, (a) Let Sub{G) be the set of closed subgroups of G, and let 

S = {A C Sub{G) I A is filtered from below and w G ^{K) for all K G .4,}. 

Note that 5 7 ^ 0 since {G} G S. Order S by inclusion and let C C 5 be a chain. 
It is easy to see that IJC G iS. By Zorn’s lemma, there is a maximal element 
A E S] set H = f]4,. Since A is filtered from below, ^{H) = <I>(iL) and 

thus w G By maximality of A, w ^ ^{T) whenever T < H. Hence, w is an 

almost primitive element of H. 

{b) By part (a), there exists H < G such that w E H and w is an almost primitive 
element of H. Let A be the algebraic closure of H in G. Then G = AW^B where 
we can choose B = ..., for some { 0 *^,..., C {ai,..., a„}. We 

may assume that B 7 ^ {!}, otherwise it follows from Lemma [5.161 that tc is a test 
element of G. Let u E $(F(xi,..., Xm)) be a test element of F; then n(aj^,..., 
is a test element of B. By part (a), there is K < B such that M(aij,..., G 
K and u{ai.^,... ,ai^) is an almost primitive element of K. Observe that T = 
{H U K) = HlJK (see [211 Corollary 9.1.7]). By Proposition I5.12[ t = w- 
u{aij^ ,..., G T is an almost primitive element of T. If G is the algebraic 
closure of T in G, then by Proposition [221 H < AnG <5 A and (u) < BEiG <5 H; 
thus A,B<G and G = G. It follows from Lemma [5.161 that f is a test element of 


Theorem 5.18. Let F{xi ,..., Xn) be a non-ahelian free pro-p group of finite rank. 
Then the set of test elements of F is a dense subset of^{F). 

Proof. Clearly, all test elements of F are contained in $(F). Given w E *h(F) and 
N <0 F, we need to show that wN contains a test element of F. By Lemma 15.171 
(6), there exists a subset {xjj,... ,Xi^} C {xi,... ,x„} such that for every test 
element ... ,Xi^) of F = (xjj,... contained in <h(F), w-u{xi^,... ,Xi^) 

is a test element of F. Since |F : F| < cxo, there exists a natural number s > 0 
such that G iV for all 1 < /c < m. By Proposition 15.71 if u(xi ^,..., x*^) is a 
test element of FI, then so is u{x ^_^,... Therefore, for every test element u 

of H contained in ‘h(F), w ■ u{x\^ , • • •, E wN is a test element of F. □ 
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6. Test elements of Demushkin groups 

Definition 6.1. Let n > 1 be an integer. A pro-p group G is called a Poincare 
group of dimension n if it satisfies the following conditions: 

(i) dini]FpiL*(G, Fp) < cx) for all i, 

(ii) diniiFpiL"-(G,Fp) = 1, and 

(hi) the cup-product Fp) x Fp) —)■ H'^{G,¥p) = Fp is a non¬ 

degenerate bilinear form for all 0 < f < n. 

A Poincare group of dimension 2 is called a Demushkin group (see [23]). De¬ 
mushkin groups play an important role in algebraic number theory. For instance, 
if fc is a p-adic number field containing a primitive p-th root of unity and k{p) is 
the maximal p-extension of k, then GaA{k{p)/k) is a Demushkin group (see [T7]L 
Demushkin groups also appear in topology since pro-p completions of orientable 
surface groups are Demushkin groups. 

Let G be a Demushkin group with d = d{G). Since dimFpiL^(G, Fp) = 1, i.e., 
G is a one related pro-p group, there is an epimorphism tt : F ^ G where F is 
a free pro-p group of rank d and ker(7r) is generated as a closed normal subgroup 
by one element r G ‘h(T) = Fp[F,F]. It follows that either G/[G,G] = or 
G/[G,G] = Z/p-fZ X Zp“^ for some / > 1. Set g = p-f in the latter and g = 0 
in the former case. Then d and g are two invariants associated to G. Demushkin 
groups have been classified completely by Demushkin, Serre and Labute (see |1], 
0, 121, and [in])- We summarise the classification of Demushkin groups in the 
next theorem. 

Theorem 6.2. Let G be a Demushkin group and, let F, d, q, and r be as above. 

(i) If q ^ 2, there exists a basis {xi, • • • ,Xd\ of F such that 

r = xl[xi,X 2 ] ■ ■ ■ [xd-i,Xd], 
and d is necessarily even. 

(ii) If q = 2 and d is odd, then there is a basis {xi, • • • ,Xd} of F such that 

r = xjxf [x 2 , X 3 ] • • • [xd-i,Xd] 

for some f = 2,3,... ,00 (2-f = 0 when f = 00 ) . 

(hi) If q = 2 and d is even, then there is a basis {xi, • • • ,Xd} of F such 
that either r = xl^~^^[xi,X 2 ] ■ ■ ■ [xd-i,Xd] for some f = 2,3, ...,oo or 
r = x^[xi, X 2 ]x 3 ^[x 3 , X 4 ] ■ • • [xd-i,Xd] for some f = 2,3,..., 00 and d > 4. 

One of the main features of Demushkin groups is that every subgroup of fi¬ 
nite index of a Demushkin group is also a Demushkin group and every subgroup 
of infinite index is free pro-p (cf. [23] or [E]). Since Demushkin groups are of 
cohomological dimension 2, using the multiplicativity of the Euler-Poincare char¬ 
acteristic one can show that d{H) — 2 = [G : H]{d{G) — 2) for every finite index 
subgroup if of a Demushkin group G (see m Theorem 3.9.15]). Moreover, it 
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is worth mentioning that a Demushkin group G is p-adic analytic if and only if 
d{G) = 2 . 

Lemma 6.3. Let G be a Demushkin group with d{G) > 2 and let u and v be 
elements in G. If u°‘ = v°‘ for some 0 7 ^ a G Zp, then u = v. Moreover, if u is a 
test element of G, then so is m". 

Proof. Note that {u,v) is a free pro-p group of rank at most 2. Thus the results 
follow from unique extraction of roots in free pro-p groups. □ 

Note that if G is a torsion free pro-p group then every proper retract of G is 
of inhnite index. To see this, suppose that r : G -» TT is a retraction, H < G 
and [G : H] < 00 . Let g E G \ H. Then gr{g)~^ 7 ^ 1 and r{gr{g)~^) = 1. Thus 
ker(r) 7 ^ 1 and so it is an inhnite group. Since [ker(r) : H fl ker(r)] < 00 , there 
exists some 1 7 ^ h G TT fl ker(r), which is not possible. 

Lemma 6.4. Let G be a Demushkin group with d{G) = n and H be a proper 
retract of G. Then d{H) < |. 

Proof. From the above observation we have that H is of inhnite index in G. Thus 
H is a. free pro-p group. Since H is an epimorphic image of G, it follows from [27] 
that d{H) < f. □ 

Lemma 6.5. Let G be a Demushkin group with d{G) = n > 2 , { xi , X2 , ...^ Xn } 
a minimal generating set of G, and k < n a positive integer. Then for each 
2 < I < k, the pro-p group ..., xf, xz+i,..., Tfc) is a free pro-p group of rank 

k. Moreover, if k < n, one can take 0 < I < k . 

Proof. Let H = {x\,X 2 , ...,Xk)■ Since k — I < n and x^ G ‘h(G) for 

all 1 < i < I, it follows that H ^ G. Moreover, H is of inhnite index in G and 
therefore free. Indeed, if 1 7 ^ [G : i7] < 00 , then d{H) = 2 -|- [G : H]{d{G) — 2) > 
n > d{H) , which is a contradiction. Suppose that G/[G, G] is not isomorphic to 
Z/pZ X Zp“^. Then the cardinality of a minimal generating set of the image of 
H in G/[G,G] is k, which implies that H is free of rank k. Now suppose that 
G/[G, G] = Z/pZ X Zp“^. Then there is at most one Xi such that xf is trivial 
modulo [G, G]. Without loss of generality we may assume that i = 1. In the same 
way as above it can be seen that K = (xi, ..., xf, ..., is a free pro-p 
group. Moreover, the cardinailty of a minimal generating set of the image of K 
in G/[G,G] is k. Thus K is a free pro-p group of rank k. Let M be a maximal 
subgroup of K satisfying ..., xf, ..., C M but Xi ^ M. Then using 

as a Schreier transversal for M the set {1, Xi, x \,..., x\~^}, one can easily see that 
{xi, X 2 , Tf, xi^i ,..., Xk} is a part of a basis of M. Hence, H is a free pro-p group 
of rank k. 


□ 
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Theorem 6.6. Let G he a Demushkin group with d{G) = n > 2 and {xi, X 2 ,Xn\ 
he a minimal generating set of G. Fix a positive integer k such that + 1 < 
k < n. For each 1 < i < k, let ai E 'Lp \ {0} and suppose that at least k — |_|J + 1 
ai’s belong to pZp \ {0}. Moreover, if p = 2 and n < A, suppose that k < n. 
If w{yi,y 2 , ...yi/k) is a test element of the free pro-p group F{yi,y 2 , ...,yk), then 
t = w{xf^ ,xf^, ...,x^'^) is a test element of G. 


Proof. Without loss of generality we may assume that oi, Q! 2 , ^ 

Suppose that t = w{xf^,X 2 ^,xf'^) is not a test element of G. Then by Theorem 
13.51 t belongs to a proper retract R of G. By Lemma EH we have s = d{R) < . 

Let {ui,U 2 , be a minimal generating set of R and consider the group 


H = 




...,Us). 


Note that H ^ G since xk g ‘h(G) for all 1 < i < A; — |_|J + 1 and s + [k — {k — 
+ 2) + 1] < n. We claim that H is not an open subgroup of G. Indeed, if H 
is a proper open subgroup of G, then 


d{H) = 2+[G: H]{d{G) -2)>2+[G: H]{n - 2) > n + 


> k + s, 


unless p = 2 and n < 4, in which case by assumption k < n and thus d{H) > 

n + |_|J > k + s. Since k + s > d{H), we have a contradiction. Hence, H has 

inhnite index in G and thus it is a free pro-p group. Moreover, by Lemma 14.11 

(6), i? is a retract of H. Let A = {x\, ..., x^ , „ 

12 

that R A A 7 ^ A. Suppose to the contrary that A R. Then x^ & R for all 
1 < i < k — -|- 1. Let r : G —i? be a retraction. Then xf = r(xf) = r(xj)^ , 

so by Lemma EH Xi = r^xf) G i? for all 1 < i < k. Since {xi,..., x^} is a part of 
a minimal generating set of G, it is also a part of a minimal generating set of R, 
which is impossible since s < < k. Hence, by Proposition 12.21 and Corollary 

13.61 An R is a. proper retract of A and t = ^^;(x“\x 2 ^ ...,x^'') G Ad R is not a 
test element of A. However, 




...,Xfc/. we Claim 




K-uj..)' 




...,X^ ; 


for some fij G Zp \ {0}, 1 < j < A; — |_|J -f 1. By Lemma 16.51 H is a free 
pro-p group of rank k. Therefore, by Corollary 15.7| A is a test element of H = 


fr(^P rpP ^P 

test element of G. 




LtJ+2 


, ...,Xfc), which is a contradiction. Hence, A is a 

□ 


Theorem 6.7. Let G he a Demushkin pro-2 group with 3 < d{G) = n < A, 
and let {xi, X 2 ,..., x„} he a minimal generating set of G. For each 1 < i < n 
let Qfj G 2 Z 2 \ {0}. If w{yi,y 2 , ...yyn) is a test element of the free pro-2 group 
F{yi,y 2 , ...,yn), Ahen A = tc(x“^, x^^,..., x"") is a test element of G. 
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‘) is not a test element of G. Then by 


Proof. Suppose that t = w{xf^, 

Theorem 13.51 t belongs to a proper retract R of G. By Lemma 16.41 s = d{R) < 
[|J. Let ■■■,Us} be a minimal generating set of R and consider the group 

H = x ^, •••, Ml, ...,Us). Note that H ^ G, since xf G ‘h(G) for all 1 < i < n 

and s < n. If if is a proper open subgroup of G with [G : H] > 2, then 

Tl 

d{H) = 2+[G : H]{d{G)-2) > 2 + 2{n-2) >n+ - >n + s>d{H), 


which is a contradiction. Now assume that [G : H] = 2, i.e., iL is a maximal 
subgroup of G. Note that the minimal generating set of the image of H in G/<h(G) 
is of cardinality at most . However, the minimal generating set of the image in 
G/<h(G) of any maximal subgroup of G is of cardinality n — 1. Thus H can not be 
a maximal subgroup of G. Hence, H has inhnite index in G, and thus it is a free 
pro-2 group. Moreover, by Lemma ITTl i? is a retract of H. Let A = {x\, x ^,..., x^). 
Then arguing as in the proof of Theorem 16.61 on one side we get that i? fl H is a 
proper retract of A that contains t and on the other side we get that f is a test 
element of A, which is a contradiction by Theorem 13.51 Hence, f is a test element 
of G. □ 


7. Test elements of discrete groups 

Let G be a discrete group and p be a prime. We denote by jp : G —)■ Gp the 
pro-p completion of G. If G is residually £nite-p, then jp is an embedding and we 
identify jp(G) with G. 

Proposition 7.1. Let p be a prime, and let G he a finitely generated residually-p 
Turner group. If g E G is a test element of Gp, then g is a test element of G. 

Proof. Let p G G be a test element of Gp, and assume to the contrary that g is 
not a test element of G. Since G is a Turner group, g is contained in a proper 
retract H of G (see the Introduction for the dehnition of a Turner group). Let 
r : G —)■ H be a retraction, and consider the following diagram of pro-p groups 
and continuous homomorphisms: 

Hp-^Gp 

Tp 

Hp H C dp 

Here i : H ^ G is the inclusion homomorphism. Clearly, ip is an injection and 
ip{Hp) = H (see [211 Theorem 3.2.4] ). If ip{x) G H, then {ip o rp)(*p(x)) = ip{x). 
Hence, ?p o Up : Gp —)■ 77 is a retraction. Since 77 is a proper retract of G, r 
is not injective. Consequently, Up is not injective and 77 is a proper retract of 
Gp. As p G 77, it follows from Theorem 13.51 that g is not a test element of Gp, a 
contradiction. □ 
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Corollary 7.2. Let D be a free discrete group of finite rank and p be a prime. If 
w E D is a test element of Dp (a free pro-p group of the same rank as D), then w 
is a test element of D. 


We can apply Corollary 17.21 to the examples of test elements of free pro-p 
gronps (represented by words of finite length) described in Section |5l and thus 
obtain many new examples of test elements of free discrete groups; in the follow¬ 
ing proposition we give only a sample. (To the best of our knowledge the test 
elements described in parts (6) and (c) are new.) 


Proposition 7.3. Let D be a free discrete group with basis {xi,... n > 2. 
Then the following holds: 

(a) Every higher commutator ti = [xi, ...,x„] is a test element of D. 

(b) Let n = m + 2k for some m, /c > 0. Then 


t2 = X 


Si 

1 






m+2k—li 


X 


r2k 1 
m+2k\ 


is a test element of D if and only if gcd{si, Sm) 7 ^ 1, Sj 7 ^ 0 for all 
1 < i < m, and rj 7 ^ 0 for all 1 < j < . Moreover, if for some prime p, 
Si G pZ \ p^Z for all 1 < i < m and r^ = 1 for 1 < i < 2k, then for every 
w G {DP[D, D]y[DP[D, D], DP[D, D]], t 2 W is a test element of D. 

(c) If n is even, then 


t 3 = xfi . . .X*"[xi,X 2 ] . . . [Xn-l,X„] 

is a test element of D if and only if gcd{si,..., Sn) 7 ^ 1- Moreover, if t^ is a 
test element of D, then for every w G {D^[D,D]y[D'P[D,D],DyD,D]], t^w is 
also a test element of D. 

Proof, (a) By Proposition 15.81 ti is a test element of Dp for every prime p. Hence, 
by Corollary 17.21 ti is a test element of D. 

(6) If gcd(si,..., Sm) = 1 (so m > 0), then there exist integers li,... ,lm such that 
sfii -|- ... -T Smlm = 1- Then the homomorphism r : D ^ (t) dehned by r{xi) = tl^ 
for 1 < z < m and r(xj) = 1 for m < i < n is clearly a retraction. Hence, ^2 
is not a test element of D. Furthermore, if Sj = 0 for some 1 < z < m, then 
h £ ( 3 ^ 1 , • • •, Xi^i, Xj+i,..., Xn), which is a proper retract of D. Similarly, if Vj = 0 
for some 1 < j < 2k, then t 2 G (xi,..., Xm+j-i, Xm+j+i, ■ ■ ■, Xn), which is also a 
proper retract of D. 

Now assume that gcd(si,..., Sm) 7 ^ 1, 7 ^ 0 for all 1 < z < zn, and rj y 0 for all 

1 < j < 2k. Let p be any prime that divides gcd(si,..., Sm). By Proposition 15.131 

(d), t 2 is a test element of Dp. Hence, by Corollary 17.21 ^2 is a test element of 
D. Moreover, if Si G pZ \ p^Z for 1 < z < m and r* = 1 for 1 < z < 2k, then by 
Proposition 15.131 (c). t 2 is an almost primitive element of Dp. Observe that 

{DP[D,D]y[DP[D,D],DyD,D]] C d>‘^{Dp) C p|<F(M) 

M 
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where the intersection is over all maximal subgroups of Dp. Hence, it follows from 
Proposition 15.151 (a) and Corollary 17.21 that t 2 W is a test element of D for every 
w e {DP[D,D]y[DP[D,D],DP[D,D]]. 

(c) The proof is the same as for part {b). Here we use Remark 15.141 □ 

Proposition 7.4. Let D be a free discrete group with basis {xi,... ,Xn}, and let 
Si & 'L \ {0} for 1 < i < n. If w E D is a test element of Dp for some prime p, 
then w{xl ^,..., x^-) is a test element of D. 

Proof. Apply Proposition 15.71 and Corollary 17.21 □ 

Recall that the profinite topology on a group G has the following basis: 

\ 9 ^ G, N < G and |G : A^| < cxd}. 

Theorem 7.5. Let D be a free discrete group with finite basis {xi,..., x„}. Then 
the set of test elements of D is a dense subset of D in the profinite topology. 

Proof. Let X be the closure in the prohnite topology on D of the set of test 
elements of D. We need to show that X = D. Let w E D and N < D with 
\D : N\ = m < oo. Choose a prime p such that p \ m. For each 1 < i < n, let ki 
be the sum of the exponents of all occurrences of Xj in tc. Then we can hnd natural 
numbers > 0 satisfying p \ ki + rim for all 1 < i < n; set w' = wx^f^... x^"”*. 
Then wN = w'N and w' E ^{Dp) {axi{w') E pZp for all 1 < z < n). By 
Lemma [5.171 ib']. there exists {xj^,..., Xj^,} C {xi,..., x„} such that for every test 
element u of H = (xj ^,... ^Xif) < Dp contained in $(77), w'u is a test element 
of Dp. By Proposition 15.131 (d), u = xf™... xf™ G is a test element of H and 
clearly u G $(77). Hence, t = w'u E wN is a test element of Dp. It follows from 
Corollary 17.21 that 7 is a test element of 77; thus X = D. □ 

One might wonder whether every test element of a free discrete group 77 is a 
test element of Dp for some prime p. This is certainly the case for free groups of 
rank one, and we prove in the following proposition that it is also true for free 
groups of rank two. However, we don’t know if it is true for all free discrete groups 
of hnite rank. 

Proposition 7.6. Let D be a free discrete group of rank two, and let w E 77. 
Then w is a test element of D if and only if there exists a prime p such that w is 
a test element of Dp. 

Proof. Suppose that for some prime p, w is a test element of Dp. By Corollary 17.21 
tc is a test element of D. Now suppose that tc is a test element of 77. Then 
w = for some u E D that is not a proper power. Let {xi,X 2 } be a basis for 
77. Denote by ki (resp. ^ 2 ) the sum of the exponents of all occurrences of xi 
(resp. X 2 ) in u. It is easy to see that d = gcd(fci,/c 2 ) 7 ^ 1. Indeed, otherwise 
miki + m 2 k 2 = 1 for some mi,m 2 E Z , and the homomorphism r : F ^ {u) 
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defined by r{xi) = and r{x 2 ) = is a retraction. Let p be a prime divisor 
of d. Then axi{u)^ax 2 {u) ^ v'^v If follows from Theorem 2 in [5] that u is not 
a p-th power in Dp. By Proposition 15.61 n is a test element of Dp. Moreover, it 
follows from Proposition 15.11 that w is also a test element of Dp. □ 

We now tnrn to test elements in snrface gronps. For n > 1, let 

G{n) = (xi, ...,X 2 n\ [Xl,X 2 ] . . . [x 2 n-l,X 2 n]), 

i.e., G{n) is an orientable surface group of genus n. O’Neill and Turner [TH] proved 
that every orientable surface group is a Turner group. Moreover, Baumslag [2] 
showed that orientable surface groups are residually finite-p for every prime p. 
Hence, we have the following corollary to Proposition 17.11 

Corollary 7.7. Let n > 1 be a natural number. If w E G{n) is a test element of 
G{n)p for some prime p, then it is a test element of G{n). 

It follows from [131 Lemma 2.1] and Theorem 16.21 (i) that G{n)^ is a Demushkin 
group for every n > 1 and every prime p. Therefore, the following two propositions 
are immediate consequences of Corollary 17.71 Theorem 16.61 and Theorem 16.71 

Proposition 7.8. Let n > 2 be a natural number, p a prime, and {ai,... ,a 2 n} 
any generating set of G{n). Fix a positive integer k such that n + 1 < k < 2n. 

Let si,... ,Sk be non-zero integers, and suppose that at least k — n -\- 1 Si’s are 
divisible by p. Moreover, if p = 2 and n = 4, suppose that k < 2n. Let D be a 
free discrete group on {pi,... ,Pfc}- Ifw{yi,y 2 , ■■■,yk) E D is a test element of Dp, 
then t = ® element ofG{n). 

Proposition 7.9. Let {oi, 02 , 03 , 04 } be any generating set ofG{2), and let Si, S 2 , S 3 , S 4 
be even non-zero integers. Let D be a free discrete group on {pi, P 2 , 1 / 3 , 1 / 4 }- If 
'?L'(pi, P 2 , Ps, P 4 ) E D is a test element of the free pro-2 group D 2 , then t = 
is a test element ofG{2). 

Non-orientable surface groups of genus n > 3 are Turner groups (see [T8]). 
Moreover, non-orientable surface groups of genus n > 4 are residually free, and 
therefore residually finite-p for every prime p (see [1] and H). Byna Lemma 8.9], 
the non-orientable surface group of genus 3 is also residually £nite-p for all p. 
Hence, non-orientable surface groups of genus n > 3 satisfy the hypothesis of 
Proposition 17.11 Now assume that p > 3, and let G = {xi ,..., x„ | xf ... x^) be 
a non-orientable surface group of genus n > 3. By m Lemma 2.1], Gp has a 
presentation (xi,..., x„ | xf... x^) as a pro-p group. Observe that t = x\.. .x"^ 
is a primitive element in the free pro-p group F[xi,... ,x„). Hence, Gp is a free 
pro-p group of rank n — 1, and we have the following proposition. 

Proposition 7.10. Let G = (xi,...,x„ | x^... x^) be a non-orientable surface 
group of genus n > 3, and let D be a free discrete group on {pi,..., p„_i}. 
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If w{yi, 1/2, & D is a test element of Dp for some p > 3, then t = 

w{xi-^,Xi^, is a test element of G for any ehoiee of distinet elements 

Xij e {ti, .. .,Xn}, I < i <n-l. 
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